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The physics of energy filtering in electronic transport through nanoscale barriers is a fundamental
aspect in the context of electronic engineering of nanostructured thermoelectrics. In the context of
thermoelectric generators, it aims to engineer the Seebeck coefficient to favorably increase the power
factor and ultimately the power generated. In this work, we employ the incoherent non-equilibrium
Green’s function formalism to investigate in detail the physics of energy filtering and how it leads to
a direct enhancement in power generation across nanostructured thermoelectrics featuring a single
planar energy barrier. In particular, we reinforce that the enhancement in the generated power
via energy filtering at a particular operating efficiency is a characteristic of incoherent scattering
and is absent in ballistic devices. In such cases, by assuming an energy dependent relaxation time,
τ(E) = kEr, we show that there exists a minimum value rmin for which the thermoelectric power
generation is enhanced and thereby leading to a degradation in power generation for r < rmin.
For bulk generators, we delve into the details of intermode scattering and show that such scattering
processes between electrons in higher energy modes and lower energy modes have a finite contribution
to the enhancement in the generated power. We also discuss realistic aspects such as finite width of
energy barriers and imperfect energy filtering due to partial reflections. In particular, we show that
such imperfect filtering and partial transmission of electrons near the top of the barrier affects the
enhancement in the generated power drastically in the high efficiency regime of operation. Analysis
of the results obtained in this work should provide general design guidelines for nanostructured
enhancement in power generation via energy filtering.
I. INTRODUCTION
The performance of a thermoelectric material is often
characterized by the figure of merit (zT ) defined as
zT =
S2σ
κ
T
where S, σ and κ are the Seebeck coefficient, the elec-
trical conductivity and the thermal conductivity of the
material respectively, and T is the average temperature
between the hot and cold contacts. There are typically
two distinct approaches followed to facilitate an enhance-
ment in the zT of thermoelectric generators: (i) Lowering
the thermal conductivity κ and (ii) enhancing the power
factor (S2σ). In this context, the approach of nanos-
tructuring via nano-inclusions and interfaces has been
successful in suppressing the phonon mediated heat flow
due to phonon confinement as well as enhanced phonon
scattering1–10.
On the other hand, electronic engineering aims at en-
hancing the electronic figure of merit, zelT =
S2σ
κel
T ,
where κel is the electronic thermal conductivity. Manipu-
lating the electronic density of states (DOS)11–20 in both
low-dimensional systems and bulk systems with nanoin-
clusions and energy barriers is a topic of intense and ac-
tive research11–13,15,16,19,21–27. In this aspect, theoreti-
cal investigations on bulk materials with semiconduct-
ing/metallic inclusions and energy barriers have demon-
strated a power factor enhancement28–34. This enhance-
ment is largely attributed to the filtering of lower energy
electrons due to the interface potentials27–31.
From a fundamental thermodynamic stand point how-
ever, analysis of nanoscale thermoelectric devices solely
on the basis of the figure of merit picture is somewhat
inadequate35–40. The figure of merit zT , albeit a handy
metric, is typically valid only in the linear response
regime and most importantly cannot facilitate a clear un-
derstanding of the physics of heat flow in the nanoscale.
Particularly, it only relates to the maximum efficiency
point and does not take in to consideration other oper-
ating points of importance in the thermoelectric gener-
ator set up. This is specifically relevant to the analysis
of power generation in the context of nanoscale thermo-
electric generators under varying operating conditions .
Therefore a non-equilibrium analysis of power genera-
tion at a given thermodynamic efficiency and operating
point37–41 is essential for a thorough analysis of design
strategies36,38,41–44.
In this paper, we employ the non-equilibrium Green’s
function (NEGF) formalism with the inclusion of inco-
herent scattering45 to delve into the physics of energy
filtering in nanowires and bulk generators with planar
nanoscale energy barriers. We point to conditions for
optimum energy filtering and the enhancement of the
generated thermoelectric power. It is shown that such
an enhancement of generated power due to energy filter-
ing is characteristic to systems dominated by incoherent
electron scattering processes and that coherent scattering
in general cannot contribute likewise. We also discuss in
detail other realistic factors such as imperfect filtering,
different scattering mechanisms and realistic barrier pa-
rameters that contribute to the power enhancement in
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This paper is organized as follows. In Sec. II, we dis-
cuss the basic concepts related to energy filtering and
how it is related to the enhancement of generated power
in thermoelectric generators. We define a relevant met-
ric, the filtering coefficient, for a quantitative analysis of
the enhancement in power generation due to energy fil-
tering. In Sec. III, we briefly discuss briefly the details
of the models employed while a detailed exposition of the
formalism used is carried out in the appendices. Sections
IV A and IV B deal with energy filtering and power gen-
eration in devices dominated by coherent and incoherent
scattering respectively. Next, in Secs. IV E and IV C, we
discuss the dependence of the filtering coefficient on the
length of the device and the order of the scattering mech-
anism. In doing so, we delve into relevant details such
as, the contribution of intermode coupling in Sec. IV D
to the generated power in bulk thermoelectric genera-
tors. We then incite a brief discussion on perfect versus
imperfect filtering in systems dominated by incoherent
scattering in Secs. IV F and IV G, and draw general con-
clusions in Sec. V .
II. ENERGY FILTERING IN
SEMICONDUCTORS
We start with a basic exposition on the physics of
energy filtering from a linear response point of view.
While dealing with nanostructures, it is more convenient
to work with extensive linear response properties such
as conductance rather than intensive properties such as
conductivity42,46. For thermoelectric power generation,
a measure of the maximum generated power per unit
area in the linear response regime is represented by S2G,
where S is the Seebeck coefficient and G is the conduc-
tance of the device per unit area. The connection with
the actual power generated may be easily deduced from
the linear response expansions of the heat and electric
currents with respect to the applied voltage and temper-
ature gradient14,46.
In the linear response limit, the Seebeck coefficient is
given by
S = −kB
q
[
EC − EF
kBT
+
∫
E−EC
kBT
G(E)dE∫
G(E)dE
]
(1)
while the conductance is given by
G =
∫
G(E)dE (2)
In the above equation, EC denotes the energy at the
conduction band minima, EF denote the Fermi energy.
For ballistic devices, in the linear response limit, G(E) is
given by
G(E) =
1
A
e2
h
∑
m
Tm(E){− ∂f
∂E
}dE, (3)
where A is the cross-sectional area of the device and
Tm(E) is the transmission function for m
th mode at en-
ergy E42. The summation in (3) includes all the modes
contributing to conductance of the device. For devices
dominated by incoherent scattering, the conductance per
unit area is given by
1
G(E)
=
∫
1
σ(z, E)
dz, (4)
with z being the transport direction and σ(z, E) being
the energy resolved electrical conductivity of the device
at point z and energy E given by47:
σ(z, E) = v2z(z, E)τ(z, E)D(z, E){−
∂f(z, E)
∂E
}, (5)
in the diffusive limit, where v(z, E), D(z, E), τ(z, E)
and f(z, E) represent the band velocity, the local density
of states as a function of energy, the position and en-
ergy resolved relaxation time and the carrier distribution
as a function of energy respectively. The above equa-
tion assumes a quasi-equilibrium distribution for elec-
trons throughout the entire device.
The principal objective of energy filtering that is
widely discussed in literature28–30,48,49 is to enhance the
Seebeck coefficient by allowing only the high energy elec-
trons to contribute to the conductance thereby increas-
ing the average energy carried by the current. How-
ever, such a filtering of electrons decreases the overall
conductivity and this trade-off needs to be delved into
further. In general, energy filtering is achieved with the
help of metallic nano inclusions29,50–55 or potential en-
ergy barriers28,30,48,49 to inhibit the lower energy elec-
trons from participating in conduction while still allow-
ing the higher energy electrons to contribute to the total
current. Unlike metals, semiconductor devices have at-
tracted recent attention in the context of thermoelectric
energy filtering because the electrochemical potential can
be modulated easily via a change in doping concentra-
tion. In this paper, we study energy filtering from the
perspective of the order of electronic scattering mecha-
nism, with a relaxation time given by τ(E) = k1E
r, with
a smaller exponent denoting a higher order scattering
process. We show that there is a minimum value of r
(r > rmin) beyond which energy filtering enhances ther-
moelectric generation. Instead of studying the change in
S and G separately due to energy filtering, we study the
relative enhancement in power generation via a single pa-
rameter r. The whole concept then reduces to the fact
that the dependence of τ(E) on energy determines the
quantitative enhancement in the generated power with
a relatively higher value of r contributing to a relatively
larger enhancement in the generated power due to energy
filtering.
In this work, we follow the non-equilibrium approach
to deduce various currents from the NEGF formalism to
be introduced shortly, following which a direct calcula-
tion of power and efficiency is performed. The power (P )
3and the efficiency (η) in the case of a thermoelectric gen-
erator with an applied temperature difference across two
contacts can be defined as:
P = IC × V (6)
η =
P
IQ
, (7)
where IC is the charge current, IQ is the heat current at
the hot contact due to electronic heat conductivity and
V is the applied voltage assuming a voltage controlled
set up described in recent literature19,36–38,42,44,56 .
In order to assess the efficacy of electron filtering across
the barrier, we now define a metric, filtering coefficient
(λ) as
λ(η) =
Pf (η)
Pnf (η)
, (8)
where Pf (η) and Pnf (η) are the maximum power den-
sities at efficiency η with and without energy filtering
respectively. For thermoelectric generators, Pf (η) and
Pnf (η) are taken along the operating line of the device
19.
The exact value of λ(η) depends on the material param-
eters of the device and the shape of the energy barrier
used. Our intention in this paper is to give a general idea
on the enhancement of λ(η) as a result of energy filtering.
III. TRANSPORT FORMULATION
We consider thermoelectric generators in which the
active regions are smaller than the energy relaxation
lengths48 such that the energy current is almost con-
stant throughout the device region. For the purpose of
the simulations, we use the band parameters of the ∆2
valley of lightly doped silicon57 with a longitudinal ef-
fective mass, ml = 0.98m0, and a transverse effective
mass, mt = 0.2m0. A schematic of the generic device
structure used is shown in Fig. 1(a) along with the band
diagram schematic of an embedded Gaussian energy bar-
rier of height Eb = 150meV and σw = 2.7nm, depicted
in Fig. 1 (b).
U = Ebexp
(
− x
2
2σ2w
)
,
where the mid-point of the device region is taken as
x = 0. The transverse geometries of the device region
considered here include bulk, where the transverse ex-
tent is infinite and nanowires, where the transverse ex-
tent consists of only one sub-band.
Such barriers can be fabricated in a Si/SixGe1−x het-
erojunction by making an appropriate choice of x and
the doping concentration. A brief discussion on the spa-
tial variation of bands, bandstructure and band offsets
with change in doping concentration and manipulation
of relative concentrations of Si and Ge in SixGe1−x het-
erostructures is carried out in Refs.58–61. In fabricated
heterojunctions, the effect of inhomogeneous doping, dis-
order and unequal work functions smoothens out thin
energy barriers30,48,49 into Gaussian/bell-shaped profiles.
For such barriers, electron filtering is imperfect and hence
electrons with energy near Eb would be partially trans-
mitted due to coherent reflection from the top of the bar-
rier. We will show that such an imperfect energy filter-
ing affects the performance of the device drastically in
the high efficiency regime of operation. A more rigor-
ous approach would be to self-consistently solve for the
potential and charge density along the device using the
information on band-offsets and doping profile along the
device. However, we do not expect significant deviations
from the conclusions derived in this paper because our
results are strongly dependent on the type of scattering
mechanism, which is the principal focus of this work. In
addition, we are interested in the conditions under which
energy filtering in thermoelectric generators enhance the
generated power at a given efficiency. Since thermal con-
ductivity due to phonon doesn’t vary significantly with
barrier height and width, it is logical to simplify our cal-
culations by neglecting the degradation in efficiency due
to phonon heat conductivity.
In order to perform the transport calculations to be
presented, we employ the NEGF transport formalism
with the self-consistent Born approximation45,62 to in-
corporate scattering in the device region. We start
with the single particle Green’s function G(
−→
km, Ez), for
each transverse sub-band m62, evaluated from the device
Hamiltonian matrix [H] given by:
G(
−→
km, Ez) = [EZI −H − U − Σ(−→km, Ez)]−1,
Σ(
−→
km, Ez) = ΣL(
−→
km, Ez) + ΣR(
−→
km, Ez) + Σs(
−→
km, Ez)
(9)
where, [H] = [H0] +U , with [H0] being the device tight-
binding Hamiltonian matrix62 and I being the identity
matrix of the same dimension as the Hamiltonian. Ez
is the free variable denoting the energy of the z extent
of the electron wavefunction and the spatial variation in
the conduction band minimum is described by the matrix
U . The vector
−→
km represents the wavevector of the elec-
tron in the transverse direction for the mth mode. The
net scattering self energy matrix [Σ(
−→
km, Ez)] includes
that due to the scattering of the electronic wavefunc-
tions from the contacts into the device region, denoted
by ΣL(
−→
km, Ez) + ΣR(
−→
km, Ez) as well as the scattering of
electronic wavefunctions inside the device due to phonons
and non-idealities, denoted by Σs(
−→
km, Ez). Under the
self consistent Born approximation scheme, the electronic
scattering rates due to contact couplings and electron-
phonon interactions are given by the in-scattering and
out-scattering functions, [Σin] and [Σout], as detailed in
Appendix A, specifically in (A), (A3) and (A4). The cal-
culation of the in-scattering and the out-scattering func-
4tions involve a self consistent procedure, detailed in Ap-
pendix A, with the electron and the hole density opera-
tors Gn(
−→
km, Ez), G
p(
−→
km, Ez) defined as
Gn(
−→
km, Ez) = G(
−→
km, Ez)Σ
in(
−→
km, Ez)G
†(
−→
km, Ez),
Gp(
−→
km, Ez) = G(
−→
km, Ez)Σ
out(
−→
km, Ez)G
†(
−→
km, Ez).
(10)
Upon convergence of the self-consistent quantities, the
charge and heat currents are evaluated in the lattice basis
as:
Ij→j+1 =
∑
km
i
pi}
∫
[Hj+1,j(Ez)G
n
j,j+1(
−→
km, Ez)
−Gnj+1,j(
−→
km, Ez)Hj,j+1(Ez)]dEz
(11)
Ij→j+1Q =
∑
km
i
pi}
∫
(Ez + Em − µH)[Hj+1,j(Ez)
Gnj,j+1(
−→
km, Ez)−Gnj+1,j(
−→
km, Ez)Hj,j+1(Ez)]dEz,
(12)
where µH is the electrochemical potential of the hot con-
tact, Mi,j is a generic matrix element of the concerned
operator between two lattice points i and j. In the tight-
binding scheme used here, we only consider the next near-
est neighbor such that j = i± 1. The heat current IQ is
evaluated at the hot contact and will be of relevance in
our calculations.
In the following calculations, the temperatures of the
hot and cold contacts, labeled H and C, are assumed to
be 330K and 300K respectively. Without loss of gen-
erality, we set the left (right) contact, L(R), to be the
hot (cold), H(C) contact. The power density versus ef-
ficiency calculations are carried out by varying the bias
voltage to emulate an external current flow. By varying
the bias voltage continuously, the power density and the
efficiency η are calculated to generate a set of points on
the η−P plane for a particular position of the equilibrium
electrochemical potential µ0. We assume that both the
contacts are symmetrically coupled and that the poten-
tial drop is linear across the energy barriers. Assuming
quasi-equilibrium electronic distribution at the contacts,
their respective electrochemical potentials are given by
µH/C = µ0 ± V/2. One can then say that V is the po-
tential drop across the thermoelectric generator due to
current flow through an external passive circuit element.
IV. RESULTS
A. Energy filtering with coherent scattering
In ballistic devices, electronic scattering is coherent in
nature. In this case, although the average Seebeck coef-
(a) (b)
FIG. 1. Device Schematics. (a) The device used for simu-
lation, with a device region length of = 20nm. (b) The band
profile of the device embedded with a Gaussian energy barrier
of height Eb = 150meV and σw = 2.7nm. The brown dotted
line shows equilibrium electrochemical potential of the device
for the case Eb − µ0 = 2kBT .
ficient increases due to filtering, the conductance G de-
creases in a way to render energy filtering of electrons
somewhat useless for power generation. Our findings
are consistent with a recent work39 which showed that
maximum thermoelectric power generation in ballistic
devices occurs for a step like transmission function. De-
spite an increase in the density of states/modes with en-
ergy in bulk conductors, the conductivity in such devices
do not increase due to filtering of high energy electrons
via metallic nanoinclusions/energy barriers. The conduc-
tance in such devices is determined by the limited number
of channels at the top of the barrier where the probabil-
ity of electron transmission is minimum.
We plot in Fig. 2, the power-efficiency trade-off curves
for ballistic nano wires, (Figs. 2(a), (b) and (c)), and bulk
devices (Figs. 2(d),(e) and (f)), with and without energy
filtering. Each trade-off curve is plotted at a fixed value
of the reduced Fermi energy, ηf =
Ec+Eb−µ0
kBT
, where Ec
is the conduction band edge and Eb is the height of the
energy barrier. Efficiencies are evaluated with respect
to the Carnot efficiency ηC = 1 − TC/TH . The gener-
ated power density for devices without energy filtering
is found to be greater than that obtained with filtering
as noted in the plotted trends of the filtering coefficient
in Figs. 2 (g) and (h), demonstrating the non-utility of
energy filtering in such cases. An important point to
note is that a thick barrier shows an improved filtering
co-efficient compared to a thin barrier indicating the im-
portance of a sharp energy cut-off for energy filtering.
The filtering coefficients of such devices decrease with
increasing efficiency. This observation can be explained
by the fact that at high efficiency the electrons near the
Fermi level do not contribute towards conduction. Only
a few electrons near the top of the barrier contribute
to the conduction. With the transmission probability of
such electrons being less than one, the filtering coefficient
suffers drastically. We hence conclude that for ballistic
devices, maximum power generation is achieved in cases
5(a) (b)
(c) (d)
(e) (f)
(g) (h)
FIG. 2. Power-efficiency trade-off and energy filtering anal-
ysis for ballistic devices. (a, b, c)- Plot of power density
versus efficiency for a 20nm long and 2.85nm × 2.85nm bal-
listic square nanowire generator (a) without energy filtering,
(b) with energy filtering via a thin Gaussian energy barrier
(Eb = 150meV, σw = 1.35nm), (c) with energy filtering via a
thick Gaussian energy barrier (Eb = 150meV, σw = 2.7nm).
(d, e, f)- Plot of power density versus efficiency for a ballis-
tic bulk thermoelectric generator (d) without energy filtering,
(e) with energy filtering via a thin Gaussian energy barrier
(Eb = 150meV, σw = 1.35nm), (f) with energy filtering via a
thick Gaussian energy barrier (Eb = 150meV, σw = 2.7nm).
(g) Plot of filtering coefficient (λ) versus efficiency (η/ηC) for
the barriers used in (b) and (c). (h) Plot of filtering coeffi-
cient (λ) versus efficiency (η/ηC) for the energy barriers used
in (e) and (f).
where the transmission function is given by
T (
−→
km, E) =
{
1, if E ≥ Em
0, if E < Em,
(13)
where Em =
}2k2m
2mt
is the minimum sub-band energy.
In case of energy filtering with a barrier, the generated
power would be the same as the above case if
T (
−→
km, E) =
{
1, if E ≥ Em + Eb
0, if E < Em + Eb.
(14)
B. Energy filtering with incoherent scattering
Incoherent scattering is characterized by a loss of over-
all momentum thereby contributing to the resistance of
the device. In this section, we show that the enhance-
ment of generated power due to energy filtering is a
characteristic of systems dominated by incoherent scat-
tering. In Fig. 3, we plot the generated power density
versus efficiency for nanowire (top panel) and bulk (bot-
tom panel) thermoelectric generators with (right panel)
and without (left panel) energy filtering with acoustic
phonon scattering. An interesting point to note is that
the maximum power density of nanowires without en-
ergy filtering occurs at ηf = 0 instead of ηf = −1 for
ballistic nanowires and nanowires with energy filtering.
This occurs because electrons are almost immobile near
E = 0, due to the van-Hove singularity in conjunction
with large scattering rates and low velocities. We plot
in Fig. 3 (e) and 3 (f), the filtering coefficient (λ) ver-
sus efficiency in case of nanowire and bulk generators for
various barrier heights. The value of λ increases with an
increase in Eb. It can be shown that for single moded
nanowires (Appendix C), this occurs due to an increase
in the parameter Υ = v2z(E)τ(E)D(E) with energy which
results in the overall increase in current at a given volt-
age. An enhancement in generated power due to energy
filtering is mainly dependent on two factors:- (i) increase
in the number of electrons that has the potential to travel
from source to drain contact per unit time, measured by
the quantity D(E)vz(E) and (ii) decrease in the number
of scattering that each electrons suffers per unit length
on average while traveling from source to drain contact,
measured by the parameter 1vz(E)τ(E) . The parameter
Υ = v2z(E)τ(E)D(E) combines these two factors and is
directly related to the conductivity of the device.
σ(E) = v2z(E)τ(E)D(E)
{
− ∂f
∂E
}
(15)
where vz(E), τ(E) and D(E) are the velocity of electrons
in the transport direction, relaxation time and density
of states at energy E respectively. With increase in ef-
ficiency beyond a certain point, the filtering coefficient
sharply decreases due to the effect of imperfect filtering,
6(a) (b)
(c) (d)
(e) (f)
FIG. 3. Power efficiency trade-off in the presence of incoher-
ent acoustic phonon scattering. (a, b ,c, d)-Plots of power
density versus efficiency curves at various values of ηf for de-
vices dominated by incoherent acoustic phonon scattering in
case of (a) a single moded square nanowire of length 20nm
and width 2.85nm without energy filtering, (b) a nanowire of
the same dimensions used in (a) with energy filtering via a
Gaussian energy barrier (σw = 2.7nm, Eb = 150meV ), (c)
bulk generator of length 20nm without energy filtering, and
(d) bulk generator of the same dimensions used in (c) with
energy filtering via a Gaussian energy barrier (σw = 2.7nm,
Eb = 150meV ). (e,f)-Plots of filtering coefficient (λ) versus
efficiency (η/ηC) in case of (e) a 2.85nm wide square nanowire
of length 20nm embedded with a Gaussian energy barrier
(σw = 2.7nm), (f) bulk generator of length 20nm embedded
with a Gaussian energy barrier (σw = 2.7nm).
particularly due to a smooth cutoff energy and partial
suppression of transmission probability, in the presence
of a Gaussian energy barrier.
For bulk thermoelectric generators, it can be shown
that for acoustic phonon scattering, the parameter Υ =
v2z(E)τ(E)Dcon(E) increases with energy due to increase
in velocity as well as increase in intermode current due
to intermode coupling (Fig. 7), where Dcon(E) is the
density of states contributing to the current flow.
C. Energy filtering due to higher order scattering
mechanisms
For acoustic phonon scattering, τ(E) = koE
1
2 for
nanowires and τ(E) = koE
− 12 for bulk devices. In sec-
tion IV B, we have already shown that energy filtering in
devices dominated by incoherent acoustic phonon scat-
tering leads to an enhancement in the generated power.
However, in practical devices, higher order scattering
may exist such that τ(E) = koE
r with r < 12 for
nanowires and r < − 12 for bulk generators respectively.
Then, the question naturally arises, is there a minimum
value of r for which energy filtering enhances power gen-
eration?
It can be shown theoretically that in case of per-
fect energy filtering (sharp cut-off energy) for single-
moded nanowires, filtering coefficient is always en-
hanced with energy filtering when the parameter Υ =
v2(E)τ(E)D(E) is an increasing function of energy (Ap-
pendix C). For a 1-D nanowire, v2z(E) =
2Ez
ml
and
D(Ez) =
1
}pi
√
ml
2Ez
. Assuming τ to be of the form
τ(Ez) = kE
r
z , for perfect filtering with sharp cut-off en-
ergy, power generation is enhanced for r ≥ rmin where
rmin = − 12 . For imperfect filtering rmin > − 12 (See Ap-
pendix C). In such cases, rmin is a function of efficiency of
operation. An analytical calculation of rmin for bulk gen-
erators is not so trivial due to intermode coupling. For
energy filtering in bulk generators dominated by moder-
ate electron-phonon scattering, the density of states con-
tributing to the conductivity is ill defined due to partial
momentum conservation. However, we can draw some
conclusions on the upper bounds of rmin under the as-
sumption of independent modes. In case of perfect lateral
momentum conservation, i.e., independent modes, it can
be shown that for perfect filtering with Eb = 150meV ,
rmin ≈ −0.6 (Sec C)
The filtering coefficient (λ) versus efficiency (η/ηC)
plots for nanowire and bulk generators with higher order
scattering are shown in Fig. 4. It is demonstrated in
Fig. 4 (b) that for bulk thermoelectric generators, even
with imperfect energy filtering, power generation is en-
hanced for r < −0.6. To explain this, we need to delve
into the details of intermode scattering and understand
its contribution to power generation.
D. Role of intermode coupling in enhancing power
generation for bulk generators
In bulk thermoelectric generators, intermode scatter-
ing of electrons have a finite contribution to the en-
hancement of generated power. In case of energy fil-
7(a) (b)
FIG. 4. Plot of filtering coefficient (λ) versus efficiency (η/ηC)
with higher order scattering (τ(E) = koE
r). Plots are shown
for (a) single moded square nanowires of width 2.85nm and
length 20nm with r = −0.75, r = −0.5 and r = −0.25 and
(b) bulk thermoelectric generators of length 20nm with r =
−1.75, r = −1.5 and r = −1.25. The decrease in filtering
coefficient of nanowires at r = −0.5 compared to theoretical
predictions (λideal = 1) is due to imperfect filtering (partial
transmission of electrons).
FIG. 5. Schematic diagram illustrating electronic trans-
port through a device with two modes (a) in the absence
of electron-phonon interaction and (b) in the presence of
electron-phonon interaction. In the absence of electron-
phonon interaction, the electrons from the higher energy
mode are completely reflected from the barrier while the
electrons with the same energy from the lower energy mode
are transmitted. The situation changes in the presence of
electron-phonon interaction, when the electrons from the
higher energy mode are kicked to the lower energy mode via
transfer of momentum to phonons. Such processes contribute
significantly to the generated current and hence power.
tering in ballistic semiconductors, lateral momentum is
conserved and electrons from the higher energy modes
cannot contribute to power generation due to coherent
reflection from the barrier. However, in systems dom-
inated by electron-phonon interaction, incoherent scat-
tering can drive a finite current from the higher energy
modes to the lower energy modes while breaking the con-
servation of lateral momentum. The concept of quasi
equilibrium is a characteristic feature of diffusive systems
and is mediated by electron-phonon interaction. In case
of energy filtering, the lower energy modes are driven out
of equilibrium due to the current flow. In the absence
of electron-phonon interaction, the higher energy modes
are in equilibrium because no current can flow through
the barrier. In the presence of electron-phonon interac-
tion, electrons from the higher energy modes can flow
FIG. 6. Plot of intermode current per unit area per unit
energy in case of bulk generators at the maximum power.
An increase in the total intermode current flow with the
height of the energy barrier (Eb) contributes to the enhance-
ment in power generation. Simulations are carried out for a
20nm long device embedded with a Gaussian energy barrier
(σw = 2.7nm) taking acoustic phonon scattering into account.
Negative value of intermode current corresponds to inflow of
electrons while a positive value corresponds to outflow of elec-
trons.
to the lower energy modes to restore equilibrium and
can contribute significantly to power generation. Such
flow of intermode current from the high energy modes to
the low energy modes occurs in the region between the
source contact and the barrier interface. Hence, the in-
termode current is maximum if the length of the device
between the source contact and barrier interface is longer
than a few momentum relaxation lengths. We schemat-
ically illustrate in Fig. 5 the simple case of electronic
transport through a device in the presence of two modes
with and without electron-phonon interaction. In Fig
5.(a), the current in the energy range Elow to Ehigh is
carried by mode1 while that in the energy range above
Ehigh is carried by both mode1 and mode2. However
in Fig 5.(b) a significant portion of the current in the
energy range Elow to Ehigh is contributed by mode2 in
addition to the obvious contribution by mode1. Such
contribution to the current flow by mode2 results from
electron-phonon interactions. The electron-phonon in-
teraction, when switched on, drives the electrons in the
energy range Elow to Ehigh from mode2 to mode1 to re-
store equilibrium, thus yielding a finite contribution to
the current flow. For bulk thermoelectric generators the
density of modes
(
M(E) = m
∗
2∗pi∗}2 (E−EC)
)
and the rate
of acoustic phonon scattering increase with energy. The
increase in the density of modes with energy and hence
intermode electron flow contributes to the enhancement
of generated power.
We plot in Fig. 6 the intermode current per unit en-
8FIG. 7. Plot of (a) propagating current without the inter-
mode current at the maximum power at a given voltage and
(b) intermode current per unit area at the maximum power
at a given voltage. Simulations are done for incoherent elec-
tronic transport taking acoustic phonon scattering into ac-
count. The increase in intermode current at the maximum
power at a given voltage with barrier height (Eb) is the main
factor behind the increase in generated power due to energy
filtering.
ergy per unit area profile of bulk generators at maxi-
mum power for various barrier heights taking acoustic
phonon scattering into account. It is shown that elec-
tronic current flows out (positive value) of the higher en-
ergy modes into (negative value) the lower energy modes.
Such a flow of electronic current from the higher energy
to the lower energy modes occurs in an attempt to re-
store quasi-equilibrium in the lower energy modes. The
total current flow without the intermode current at the
maximum power at a given voltage is shown in Fig. 7(a).
The overlapping curves in Fig. 7(a) demonstrate that
an increase in the flow of intermode current is the main
reason for the enhancement in generated power with an
increase in the height of the energy barrier for acous-
(a) (b)
(c) (d)
(e) (f)
FIG. 8. Plot of (a) ITotal − IIntermode at maximum power
at a given voltage for r = −1.25, (b) IIntermode at maximum
power at a given voltage for r = −1.25, (c) ITotal−IIntermode
at maximum power at a given voltage for r = −1.5, (d)
IIntermode at maximum power at a given voltage for r = −1.5,
(e) ITotal − IIntermode at maximum power at a given voltage
for r = −1.75, and (f) IIntermode at maximum power at a
given voltage for r = −1.75. The value of IIntermode does not
show a strong dependence on the value of r because for mod-
erate scattering rate, the flow of intermode coupling current
depends on the number of empty states in the lower energy
modes. Hence, a change in the rate of scattering does not
drastically affect the intermode coupling current.
tic phonon scattering. The plot of intermode current at
the maximum power at a given voltage is shown in Fig
7 (b) for three different barrier heights. The intermode
current profile per unit area for other scattering mecha-
nisms is shown in Fig. 8. The intermode current does
not show a strong dependence on the value of r. This
is because for moderate scattering rate, the maximum
intermode coupling current is limited by the difference
in electron population between the higher and the lower
energy modes. The decrease in filtering coefficient with
9FIG. 9. Plot of the filtering coefficient (λ) versus efficiency
(η/ηC) for various barrier heights for 2.85nm wide square
nanowires of length 20nm (solid curves) and 40nm (dashed
curves). The nanowires are embedded with a Gaussian energy
barrier (σw = 2.7nm).
decrease in r is mainly due to the decrease in the current
that directly flows from one contact to the other with-
out any intermode transition. We hence conclude that
electron-phonon scattering in bulk thermoelectric gener-
ators enhances the effect of energy filtering.
E. Variation with device length
Manipulation of electron-phonon scattering is the key
to an enhancement of generated power due to energy fil-
tering. For nano-wires embedded with an energy bar-
rier, scattering is most dominant near the top of the bar-
rier where the density of states is maximum. For such
cases, the true benefits of energy filtering can be har-
nessed when the device region is much longer compared
to the width of the energy barrier such that the elec-
trons can undergo transport with very less scattering in
the region where kinetic energy is very high. When the
length of the energy barrier is made comparable to the
length of the device, a huge amount of scattering near
the top of the barrier deteriorates the generated power.
The rate of electron-phonon scattering in bulk generators
increases with energy. However, the increase in velocity
of electrons along the transport direction with energy
mitigates the effect of this increase in acoustic phonon
scattering rate. In addition, it can be shown that the in-
termode current due to intermode coupling in bulk gen-
erators increase to its maximum when the device region
between the source contact and the barrier interface is
longer that a few momentum relaxation lengths (λp).
Such an increase in current also results in an increase
in the generated power. Plots of the filtering coefficient
versus efficiency for nanowire thermoelectric generators
of length 20nm and 40nm are shown in Fig. 9 for the
same Gaussian energy barrier width (σw = 2.7nm).
F. Perfect versus imperfect energy filtering for
power generation
Theoretical study of energy filtering in thermoelectric
generators has demonstrated a maximum enhancement of
power generation when energy filtering is perfect28,30,39.
In ballistic conductors a sharp cutoff energy can easily
be achieved with the help of a wide barrier30 or multi-
ple resonant tunnel structures28. However, for systems
dominated by incoherent scattering, achieving a sharp
cut-off energy for thermoelectric power generation may
be quite challenging. Incoherent scattering due phonon
broadens the energy levels and creates local density of
states such that perfect energy filtering is never achieved.
The transmission probability of electrons in nanowire
generators dominated by coherent and incoherent scat-
tering is shown in Fig 10(a). The thick barrier provides
a sharper transmission cut-off for ballistic devices and
hence is more suitable for power generation. However, for
devices dominated by incoherent scattering, although a
wider barrier provides a sharper cut-off energy, the over-
all transmission probability through such barriers might
decrease due to drastic increase in scattering rates near
the top of the barrier resulting in a decreasing current
and generated power. Hence, depending on the length
of the generator, there is an optimum barrier width at a
given efficiency of operation for which power generation
is maximum. The filtering coefficient (λ) over a range
of efficiency is shown in Fig. 10(b) for various barrier
widths in case of a 170nm long square nanowire of width
2.85nm taking incoherent acoustic phonon scattering into
account. The filtering coefficient (λ) for the thinner bar-
rier is higher compared to that for wider barriers due
to overall decrease in T =
∫
T (E)
{
− ∂f∂E
}
dE for wider
barriers.
G. Combination of various scattering mechanisms
So far, we have discussed the general conditions un-
der which energy filtering enhances generated power
in nanoscale and bulk thermoelectric generators. To
demonstrate such conditions we have assumed smooth
Gaussian barriers. However our discussion is valid for
other types of barriers as well. In fabricated devices, a
number of electron scattering mechanisms may be dom-
inant such that the relaxation time of the electrons is a
polynomial function of kinetic energy (E).
τ(E) =
∑
i
kiE
ri
We split the contributions ri into two groups (a) ri ≥
rmin (b) ri < rmin. With energy filtering, thermoelectric
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FIG. 10. Plot of (a) transmission probability of electrons
versus energy for Gaussian energy barriers of height Eb =
150meV and σw = 2.7nm and 21.6nm for coherent (dashed
lines) and incoherent scattering (solid lines) and (b) filtering
coefficient versus efficiency (η/ηC) for a 170nm long diffusive
nanowire with different energy barrier widths. Unlike the
case of coherent transport (Fig. 2), a wider barrier does not
always lead to an increase in filtering coefficient(λ) for devices
dominated by incoherent scattering
power generation is enhanced in the presence of the scat-
tering mechanisms satisfying ri ≥ rmin while the same
is degraded in the presence of the scattering mechanisms
satisfying ri < rmin. In our simulations, we have as-
sumed a single scattering mechanism to be the dominant
one such that τ(E) = kiE
ri . If scattering mechanisms of
both categories are present, there is an optimum cut-off
energy at which enhancement of generated power due to
energy filtering is maximum28. Also the change in effec-
tive mass due to non-parabolicity of the band-structure
can have an effect on the scattering process. In addition
to that, in degenerately doped semiconductors, scattering
of electrons from a primary to a satellite valley may have
drastic effect on enhancement of generated power due to
decrease in kinetic energy (velocity) of the electrons in
the satellite valley. All these considerations hamper the
accurate theoretical prediction of the filtering coefficient
in a specific semiconductor.
V. CONCLUSION
In this paper, we have shown that the enhancement
in generated power due to energy filtering via planar en-
ergy barriers is a characteristic of devices dominated by
incoherent scattering. In addition to discussing the role
of the parameter Υ = v2z(E)τ(E)D(E) which determines
the relative enhancement in generated power in single
moded nanowires, we have demonstrated the effect of fi-
nite width of the barrier on the generated power as well
as the role of intermode scattering on power generation
in bulk thermoelectric generators. We have shown that
electron-phonon scattering enhances the effect of energy
filtering on generated power by driving electron popula-
tion from the higher to the lower sub-bands. In our paper
we have assumed the length of the device to be less than
the energy relaxation length (LE). In case of longer de-
vices, multiple energy barriers may be embedded within
the same device keeping the distance between the bar-
riers (dm) maximum while maintaining dm < LE
48,49.
In all our calculations we have neglected the decrease
in efficiency due to phonon heat conductivity. Although
the performance of both nanowire and bulk generators
are effected due to phonon heat conductivity, embed-
ding energy barriers in nanowire/bulk provide advan-
tage in terms of decrease in lattice heat conductivity
due to scattering of long wavelength phonons near the
barrier3–9,63,64 or nanocomposite65 interface. Analysis of
the results obtained in this work should provide general
design guidelines for enhancement in power generation
with energy filtering.
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Appendix A: NEGF equations for intermode
coupling
In case of non-dissipative transport in nano devices,
the generalized equations for Green’s function and scat-
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tering matrix are given by:
G(
−→
km, Ez) = [EzI −H − U − Σ(−→km, Ez)]−1
Σ(
−→
km, Ez) = ΣL(
−→
km, Ez) + ΣR(
−→
km, Ez) + Σs(
−→
km, Ez)
A(
−→
km, Ez) = i[G(
−→
km, Ez)−G†(−→km, Ez)]
Γ(
−→
km, Ez) = [Σ(
−→
km, Ez)− Σ†(−→km, Ez)],
(A1)
where H is the discretized Hamiltonian matrix (con-
structed using the effective mass approach62), U =
−qV is the electronic potential energy in the band and
ΣL(
−→
km, Ez) + ΣR(
−→
km, Ez) and Σs(
−→
km, Ez) describe the
effect of coupling and scattering of electronic wavefunc-
tions due to contacts and electron-phonon interaction re-
spectively. In the above sets of equations,
−→
km denote the
transverse wave-vector and Ez is the free variable denot-
ing the energy of the electrons along the transport direc-
tion. A(
−→
km, Ez) is the 1−D spectral function for the mth
sub-band and Γ(
−→
km, Ez) is the broadening matrix for the
mth sub-band at longitudinal energy Ez. For moderate
electron-phonon interaction, it is generally assumed that
the real part of Σs = 0. Hence,
Σs(
−→
km, Ez) = i
Γs(
−→
km, Ez)
2
= Σins (
−→
km, Ez)+Σ
out
s (
−→
km, Ez)
(A2)
Σin(
−→
km, Ez) and Σ
out(
−→
km, Ez) are the inscattering and
the outscattering functions which models the rate of scat-
tering of the electrons from the contact and inside the
device.
Σin(
−→
km, Ez) = Σ
in
L (
−→
km, Ez) + Σ
in
R (
−→
km, Ez)
+ Σins (
−→
km, Ez)
Σout(
−→
km, Ez) = Σ
out
L (
−→
km, Ez) + Σ
out
R (
−→
km, Ez)
+ Σouts (
−→
km, Ez)
where the subscript ′L′, ′R′ and ′s′ denote the influence
of left contact, right contact and electron-phonon scat-
tering respectively. The in-scattering and out-scattering
functions are dependent on the contact quasi-Fermi dis-
tribution functions as:
Σin(
−→
km, Ez) = ΓL(Ez)fL(Ez +
}2
−→
km
2
2mt
)︸ ︷︷ ︸
inflow from left contact
+ ΓR(Ez)fR(Ez +
}2
−→
km
2
2mt
)︸ ︷︷ ︸
inflow from right contact
+ Σins (
−→
km, Ez)︸ ︷︷ ︸
inflow due to phonons
Σout(
−→
km, Ez) = ΓL(Ez)
{
1− fL(Ez + }
2−→km2
2mt
)
}
︸ ︷︷ ︸
outflow to left contact
+ ΓR(Ez)
{
1− fR(Ez + }
2−→km2
2mt
)
}
︸ ︷︷ ︸
outflow to right contact
+ Σouts (
−→
km, Ez)︸ ︷︷ ︸
outflow due to phonons
(A3)
where fL(R) denote the quasi-Fermi distribution of
left(right) contact. The rate of scattering of electrons
due to phonons is dependent on the electron and the hole
correlation functions (Gn and Gp) and is given by:
Σins (
−→
km, Ez) = DO
∑
−→qt
Gn(
−→
km +
−→qt , Ez −∆E−→km+−→qt ,−→km)
Σouts (
−→
km, Ez) = DO
∑
−→qt
Gp(
−→
km +
−→qt , Ez −∆E−→km+−→qt ,−→km)
(A4)
where ∆E−→
km+
−→qt ,−→km =
}2(−→km+−→qt)2
2mt
− }2
−→
km
2
2mt
.
Gn(
−→
km, Ez) and G
p(
−→
km, Ez) are the electron and the
hole correlation functions for the mth sub-band and {−→qt }
denotes the set of transverse phonon wave vectors. The
electron and the hole correlation functions are again re-
lated to the electron in-scattering and the electron out-
scattering functions via the equations:
Gn(
−→
km, Ez) = G(
−→
km, Ez)Σ
in(
−→
km, Ez)G
†(
−→
km, Ez)
Gp(
−→
km, Ez) = G(
−→
km, Ez)Σ
out(
−→
km, Ez)G
†(
−→
km, Ez)
(A5)
Solving the dynamics of the entire system involves a self
consistent solution of (A1), (A2), (A4) and (A5). For
momentum scattering due to acoustic phonons, DO in
the above equations can be related to the acoustic phonon
deformation potential (Dac) by:
DO =
D2ackBTF
ρv2sa
3
(A6)
where F is known as the form factor and denotes the
spacial spread of the phonon wave-vectors. ρ and vs de-
note the mass density and the velocity of sound in the
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material respectively. For the purpose of our simulation,
we have used the parameters of bulk silicon.
The spectral function for the mth sub-band is given by
A(
−→
km, Ez) = G
n(
−→
km, Ez) +G
p(
−→
km, Ez)
The electron density and current at the grid point j
can be calculated from the above equations as:
nj =
∑
m
∫
[Gn(
−→
km, Ez)dEz]
piaA
Ij→j+1 =
∑
km
q
pi}
Im
∫
[Hj+1,j(Ez)G
n
j,j+1(
−→
km, Ez)
−Gnj+1,j(
−→
km, Ez)Hj,j+1(Ez)]dEz
(A7)
where a is the distance between two adjacent grid
points and A is the cross sectional area of the device.
}km denotes the transverse momentum of the electrons
in the mth sub-band. The summations in (A7) run over
all the sub-bands available for conduction.
The heat current flowing through the device is given
by:
Ij→j+1Q =
∑
km
1
pi}
× (Ez + Em − µH)Im
∫
[Hj+1,j(Ez)
Gnj,j+1(
−→
km, Ez)−Gnj+1,j(
−→
km, Ez)Hj,j+1(Ez)]dEz
(A8)
where Ez is the kinetic energy of the electrons due to
momentum along the transport direction and Em is the
kinetic energy of the electron due to momentum in the
transverse direction.
Appendix B: Approximate derivation of scattering
self energies for higher order scattering mechanisms
For elastic scattering, the Boltzmann transport equa-
tion is given by:57,66:
∂f(r,
−→
k , t)
∂t
=
∑
−→
k′
{
S(
−→
k′ ,
−→
k ){1− f(r,−→k , t)}f(r,−→k′ , t)︸ ︷︷ ︸
in−scattering
−S(−→k ,−→k′ ){1− f(r,−→k′ , t)}f(r,−→k , t)︸ ︷︷ ︸
out−scattering
}
δ(Ek − Ek′)
(B1)
S(
−→
k ,
−→
k′ )/S(
−→
k′ ,
−→
k ) incorporate the dependence of the
rate of electron scattering on energy/momentum. For
isotropic scattering with acoustic phonons, S(
−→
k′ ,
−→
k ) is
independent of
−→
k′ or
−→
k
S(
−→
k′ ,
−→
k ) = S(
−→
k ,
−→
k′ ) = S(E−→
k
) = S(E−→
k′
)
=
2pikBTD
2
ac
ρ}v2sA
(B2)
where Dac, ρ and vs are the acoustic deformation po-
tential, the mass density and the velocity of sound in
the medium respectively57,66. The right side of Eq. B1
can be simplified by summing over the states (assuming
steady state)57,66:
∂f(r,
−→
k , t)
∂t
= {1− f(r,−→k )}
∑
−→
k′
S(
−→
k′ ,
−→
k )f(r,
−→
k′ )δ(Ek − Ek′)
−f(r,−→k )
∑
−→
k′
S(
−→
k ,
−→
k′ ){1− f(r,−→k′ )}δ(Ek − Ek′)
= {1− f(r,−→k )}S(E−→
k
)
∑
−→
k′
f(r,
−→
k′ )δ(Ek − Ek′)
−f(r,−→k )S(E−→
k
)
∑
−→
k′
{1− f(r,−→k′ )}δ(Ek − Ek′)
(B3)
⇒ ∂f(r,
−→
k )
∂t
= {1− f(r,−→k )}S(E−→
k
)ntot(r, E−→k )︸ ︷︷ ︸
2pi
} Σ
in(E−→
k
)
−f(r,−→k )S(E−→
k
)ptot(r, E−→k )︸ ︷︷ ︸
2pi
} Σ
out(E−→
k
)
(B4)
where
ntot(r, E−→k ) =
∑
−→
k′
n(r, E−→
k′
)δ(E−→
k
− E−→
k′
)
ptot(r, E−→k ) =
∑
−→
k′
p(r, E−→
k′
)δ(E−→
k
− E−→
k′
)
For acoustic phonon, S(E−→
k
) is independent of E−→
k
,
ntot(E−→k ) ≈ D(E)f(r, E) and ptot(E−→k ) ≈ D(E){1 −
f(r, E)}. Therefore,
τ(E−→
k
) ∝ 1
∂f(r,
−→
k )
∂t
∝ 1
D(E)
⇒ τ(E−→
k
) ∝ En−→
k
(B5)
where n = 0.5, 0, − 0.5 for 1 −D, 2 −D and 3−D
devices respectively. To demonstrate the effect of the
scattering which are of order higher than phonon scat-
tering, we choose
S(E−→
k
) = kEr−→
k
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where k is a constant of proportionality, such that
τ(E−→
k
) ∝ En+r−→
k
where n is same as defined above. In NEGF, we then use
Σin(r, E−→
k
) =
}
2pi
S(E−→
k
)
∑
−→
k′
n(r, E−→
k′
)δ(E−→
k
− E−→
k′
)
Σout(r, E−→
k
) =
}
2pi
S(E−→
k
)
∑
−→
k′
p(r, E−→
k′
)δ(E−→
k
− E−→
k′
)
(B6)
Appendix C: Derivation of the factor Υ
In case of diffusive or incoherent transport without ex-
ternally applied magnetic field, the dynamics of the elec-
tron system follows the quasi-distribution function given
by47
f(
−→
k ) = f0(E−→k ) +
∫ ∞
0
P (
−→
k , τ ′)
{
(−∂f0
∂E
)−→v (−→k ).
(
− e−→ε
−∇µ− E − µ
T
∇T
)}
dτ ′
(C1)
where P (
−→
k , τ ′) is the fraction of the electrons with
wavevector
−→
k that donot suffer a scattering within
the time period τ ′. For isotropic scattering, generally
P (
−→
k , τ ′) takes the form47:
P (
−→
k , τ ′) = e
−τ′
τ(
−→
k ) (C2)
Generally for isotropic and local scattering processes,
τ(
−→
k ) depends on
−→
k through the energy E−→
k
. Therefore,
P (
−→
k , τ ′) = e−τ
′/τ(E−→
k
) (C3)
Equation (C1) then becomes
f(
−→
k ) = f0(E−→k ) +
∫ ∞
0
e−τ
′/τ(E−→
k
)
{
(−∂f0
∂E
)−→v (−→k ).
(
− e−→ε
−∇µ− E − µ
T
∇T
)}
dτ ′
⇒ f(−→k ) = f0(E−→k ) + τ(E−→k )−→v (
−→
k ).
{
(−∂f0
∂E
)
(
− e−→ε −∇µ
−E − µ
T
∇T
)}
(C4)
Assuming that the potential and the temperature gra-
dient are applied in the z direction only,
f(
−→
k ) = f0(E−→k ) + τ(E−→k )vz(
−→
k )
{
(−∂f0
∂E
)
(
− e−→εz −
∂µ(z)
∂z
−E − µ(z)
T (z)
∂T (z)
∂z
)}
(C5)
The current density in the z-direction, is therefore,
given by:
jz = −e
∫
d
−→
k
4pi3
vz(
−→
k )f(
−→
k )
= −e
∫
d
−→
k
4pi3
vz(
−→
k )
[
f0(E−→k ) + τ(E−→k )vz(
−→
k )
{
(−∂f0
∂E
)(
− e−→εz −
∂µ(z)
∂z
− E − µ(z)
T (z)
∂T (z)
∂z
)}]
(C6)
The integral of the term vz(
−→
k )f0(E−→k ) vanishes since
f0 depends only on energy and is symmetrical in
−→
k space.
jz = −e
∫
d
−→
k
4pi3
τ(E−→
k
)‖−→vz(−→k )‖2
{
(−∂f0
∂E
)
(
− e−→εz
−∂µ(z)
∂z
− E − µ(z)
T (z)
∂T (z)
∂z
)}
(C7)
τ(E−→
k
) and ‖−→vz(−→k )‖2 depend on −→k only through the
energy E−→
k
. We can simplify (C7) to transform
−→
k de-
pendence to energy (E) dependence:
jz = −e
∫
τ(E)‖−→vz(E)‖2D(E)
{
(−∂f0
∂E
)
(
− e−→εz
−∂µ(z)
∂z
− E − µ(z)
T (z)
∂T (z)
∂z
)}
dE
(C8)
The term within the second bracket is the driving force
for the current and the term τ(E)‖−→vz(E)‖2D(E) defines
the ease with which the driving force can cause a flow of
the current. For the same applied voltage and temper-
ature gradient (assuming that the driving force is same
for devices with and without energy barriers), the gener-
ated power would increase with increase in the current.
In case of perfect filtering, assuming that the length of
the device is much greater than the length of the bar-
rier (such that scattering near the top of the barrier does
not affect the generated power appreciably), a sufficient
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but not necessary condition for improvement of gener-
ated power with filtering is that τ(E)‖−→vz(E)‖2D(E) is
an increasing function of E. In other words,
τ(E + Eb)‖−→vz(E + Eb)‖2D(E + Eb)
τ(E)‖−→vz(E)‖2D(E) > 1 (C9)
for Eb > 0. Here Eb is the cut-off energy for filtering.
For isotropic and local scattering processes, τ(E) can
generally be approximated as τ(E) =
∑
i kiE
ri . In case
of single moded nanowires, ‖−→vz(E)‖2D(E) = 2
√
2piE
mlh2
.
The minimum value of r for which energy filtering can
enhance the generated power in case of perfect filtering
is therefore r > rmin = − 12 . For imperfect filtering, the
value of rmin may further increase.
For bulk generators, the value of D(E) contributing
to conduction cannot be defined properly due to partial
momentum conservation. However assuming uncoupled
mode transport, we can draw an upper limit on the value
of rmin. It can be shown that for perfect filtering and no
effect of scattering near the barrier on the performance of
the device, an assumption of uncoupled modes in electron
transport gives:
< v2z(E)D(E) >=
∑
m
v2z(E − Em)D1D(E − Em)
=
∫ (E−Eb)
0
2
(E − Em)
ml
√
2piml
h2
1√
E − Em
(
4pimt
h2
dEm
)
=
16pi
3
1
h3
√
2pim2t
ml
(E
3
2 − E 32b )
(C10)
for E > Eb. Here <> denotes the average value of
the argument and m denotes all possible modes that are
available for conduction.
FIG. 11. Plot of the factor ζ =
(E
3
2−E
3
2
b
)Er
{(E−Eb)r+
3
2 }
for various values
of r at Eb = 0.15eV .
Assuming τ(E) = koE
r, (C9) translates to:
ζ =
(E
3
2 − E 32b )Er
{(E − Eb)r+ 32 }
> 1
. It can be shown that for Eb = 0.15eV , the above con-
dition is valid for r > −0.6 (See Fig. 11).
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